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Introduction.
If P is a smooth manifold and V : P → T P is a vector field on P , i.e. a section of the tangent bundle π 1 : T P → P , then the local integrability of V is a characteristic property, especially for smooth sections V . Traditionally the local integrability of a vector field V (not necessary continuous) on P is defined as an existence at each point p of the domain of V a C 1 -curve γ : (−ε, ε) → P (for some ε > 0), such that γ(0) = p and ∂γ ∂t (t) = V (γ(t)) for all t ∈ (−ε, ε). The curve γ is called an integral curve of V with initial value p. We may assume that the existence of such γ for V is not an exceptional property, and that for each p ∈ P there exist a neighbourhood U of p and ε > 0 such that the mapping U × (−ε, ε) (p, t) → γp(t), γp(0) =p, is defined and at least continuous. For smooth, compactly supported V this mapping forms a one parameter group of transformations of P .
When we replace V by a smooth embedded manifold M into T P , then the mentioned integrability property becomes rather the restrictive exceptional property for M , especially in the critical point set of the projection π 1 | M : M → P . In general, such systems are called implicit differential systems (equations) of order 1, and were studied by several authors: in connection to the non-continuous integrability property by [21] , [7] . The local We immediately find a necessary condition as follows. Let π 1 : T R n ≡ R n ×R n → R n be the projection to the first factor: Then we have
Thus an immediate necessary condition for a point (p, q) ∈ M to be integrable is that
In what follows we will call this condition tangential integrability condition. We can ask whether this condition is also a sufficient condition for a submanifold M to be integrable. Although the answer for this question is negative, there is a wide class of submanifolds of T R n for which the tangential integrability condition is also sufficient. An example of the submanifold M for which the tangential integrability condition is fulfilled but M is not integrable is given in Section 5 (see Example 5.1).
To come closer to our problem we explain some sufficient conditions for a submanifold M of T R n to be integrable. One of them plays an important role in the proofs of our main theorems. At first we have the following two immediate lemmas. 
If there exist smooth local functions
and consider the curve γ :
Then the point (p 0 , q 0 ) = (f, g)(x 0 ) ∈ M is an integrable point of M with the curve γ(t). This can be seen as follows. Since
we have
Hence we have 
Then there exists (always) a smooth mapping g :
Proof. Since we consider the local problem and since
we may choose local coordinates such that f is of the form
Let a 1 (x), . . . , a n (x) be the smooth functions chosen in the form
. . , a n (x) being arbitrary.
Consider a mapping
is an embedding and from Lemma 2.4 we see that
Remark 2.1. Now we came to the natural question: Does some pathology of the critical point set on M imply the non-integrability? To some extent the answer is positive. We may formulate the following supposition: if f :
is an embedding and M = (f, g)(R m ) satisfies tangential integrability condition, M has to be integrable. Therefore if this conjecture is true, it implies that if M is not integrable, then f is not stable, and therefore π 1 
is not a stable map. Let us remind here that the two maps
Thus the singular point set is not the one of a stable map. On the other hand, Corollary 2.1 says that if
then no matter how much pathological its singularity is, with a good partner g,
To complete our sufficient condition formulated in Lemma 2.4 we present Example 5.2 in Section 5, showing that the condition of existence of smooth solution of the linear equation in Lemma 2.4 is not a necessary condition for integrability.
3. Generic manifolds are integrable. Now we prove that the tangential integrability condition is also sufficient for a class of manifolds, which we call the generic manifolds and which is much wider than the class of manifolds 
Now we can formulate our first main theorem. 
. By Thom's transversality theorem, the set of smooth maps f : 
forms an embedding and the linear equation (1) has a solution (a 1 (x), a 2 (x), . . . , a n (x)) for every point x ∈ R m . We see that the tangential integrability condition becomes exactly the tangency of the smooth map g :
for any x ∈ R m . Now we come to the following problem. We can also reformulate this problem in other words as follows:
Find conditions to be posed on a smooth map f : R m → R n so that the linear equation (1) has a smooth solution (a 1 (x), a 2 (x), . . . , a m (x)) for every smooth map g : R m → R n tangent to f .
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The result of J. Mather [13] concerning solutions of linear equation helps to give a good answer to this problem. In the rest of this section, we will follow the notation from [13] . Consider an n × m matrix A(x) of smooth function-germs :
and a column vector
where a ij (x) and g i are smooth function-germs R m → R. Consider the linear equation
where b is a column vector of length m.
Let E(n, m) denote the space of n × m matrices of real numbers. Let S r denote the subset of E(n, m) consisting of matrices of rank r. Then S r is a submanifold of 
Definition 3.3. An n×m matrix A(x) of smooth function-germs is said to be generic
given by Jf (x) = the Jacobian matrix at x ∈ R m and its germ
Now we can reformulate Theorem 3.1 in the following form.
, the germ of the manifold (0)) is integrable. Now we have immediately:
Proof. Stable maps are transversal to every A-orbit in the jet spaces (cf. [12] , [14] ), so they are also transversal to an S r , r = 0, 1, . . . , min(m, n). Thus from the Theorem 3.1, the germ of the manifold
The main theorems 3.1 and 4.1 follow from J. Mather's Theorem and the previous Lemma 2. 4 .
Proof of Theorem 4.1. Let the rank of Jf (0) be equal to r. Suppose that Jf :
Since the stratification
has a smooth solution b(x) defined in a neighbourhood of the origin 0 ∈ R m . Therefore, from Lemma 2.4, the germ of the manifold (f, g)(R m ), (0, g (0)) is integrable.
Examples and counterexamples. Let us define the following four spaces of surface-germs
has a smooth solution}
There is a sequence of proper inclusions
As a proof of this proposition, at each inclusion ⊆ we give a simple example which belongs to the latter set but not to the former.
Example 5.1. M fulfils the tangential integrability condition but is not integrable. Let
Then M satisfies the tangential integrability condition
First we easily see that (f, g) :
is an embedding. Since
is a diffeomorphism, we can consider the curve
Therefore we have
Now we compare the orders of both sides of the second equation with respect to the variable t. Since u(0) = v(0) = 0 and from the first equation, we see that the order of the left hand side u(t) is equal to 1.
On the other hand, since u(0) = v(0) = 0, we see that the order of the right hand side
This is a contradiction. Thus we see that there is no integral curve γ :
Example 5.2. M has no smooth solution of the Jacobian linear equation but is integrable. For n > 2, set First we easily see that (f, g) :
is an embedding. Next we check the tangential integrability condition. Since
Thus M = (f, g)(R 2 ) satisfies the tangential integrability condition. Now consider the Jacobian linear equation
. 
If there exists a smooth solution
Then we have
. Thus the points of the form (γ(0), γ (0)) = (u, 0, 1, 0) = (f, g)(u, 0) are also integrable and hence M is integrable. 2) is not transversal to S 1 but the Jacobian linear equation
is an embedding. Next let us check that the Jacobian linear equation g(u, v) = Jf (u, v)b(u) has a smooth solution. Since
we see that
Thus the Jacobian linear equation
On the other hand, since 6. J. Mather's theorem stated in algebraic terms. J. Mather's theorem is stated in geometric terms using the concept of transversality. However if we look more precisely into his proof of the theorem we obtain more weak algebraic condition for the linear equation (2) to have a smooth solution. In order to make our argument simpler we consider our problem in the real analytic category rather than in the C ∞ category. Consider a n × m matrix A(x) of real analytic function-germs defined at the origin of R k and a column vector g(x) of n real analytic function-germs defined at the origin of R k .
Consider the linear equation
A(x)b = g(x). (5)
Let O k denote the ring of germs at 0 ∈ R k of real analytic functions of k variables. First we consider the case m = n. . . .
Proposition 6.1. Let m = n. If the ideal det A(x) in O k generated by the determinant of the matrix A(x) has property of zeroes (i.e. if any function h(x) vanishes on the variety defined by this ideal then h(x) belongs to the ideal ), then the linear equation (5) has a real analytic solution b(x).
190). Let A(x) denote the cofactor matrix of A(x). Then we have
A(x)A(x) = A(x) A(x) = det
is a real analytic solution of the equation (5).
Remark 6.1. In fact one can distinguish three possibilities for the analytic case and m = n. Locally, near 0 ∈ R m we can write det
k r , where φ 0 (0) = 0 and φ j (0) = 0. Now we have three possibilities: (i) All irreducible components of C = {x : det A(x) = 0} defined by φ j are reduced and of codimension 1. In this case the system is integrable.
(ii) There is a component of codimension greater than or equal to 2. In this case we gave Example 5.1 which is related to Bogdanov-Takens singularity (cf. [3] ) with the unique separatrix and solution which cannot be analytic.
(iii) There is a non-reduced component of codimension 1. In this non-integrable case one can construct the following example:
and the equation Ab = g is reduced to
2 ). Thus the tangential integrability condition is satisfied. The phase portrait is given by the equation Let us return to the original problem of integrability. We have immediately. 
Suppose that the rank of the matrix A(0) at the origin 0 ∈ R k is r. Then we may suppose that the matrix A(x) be of the form
, where I r is an identity matrix of size r
Consider the set
and for each element Proof. Although the proof of this proposition is almost the same as the argument in §7 (pp. 191-192) of J. Mather [13] , we recall it here.
First we investigate equation (6) at points x ∈ R k where rank A(x) = m = min(m, n). Set
Lemma 6.1.
1)
Ω is an open dense set of R k .
2) For every point x ∈ Ω, equation (6) has a unique solution, which is denoted by b Ω (x).
3) The unique solution b Ω (x), x ∈ Ω, is analytic in Ω. . . .
. . .
Since x ∈ Ω, there exists I = (i 1 , i 2 , . . . , i m−r ) ∈ I such that the submatrix
, and consider the subequation
Since b Ω (x) is a solution of (6), it is also a solution of the subequation g I (x) = A I (x)b, which is analytic since g I (x) is analytic and det A I (x) = 0. Now consider the set With the same reason, the subequation g J (x) = A J (x)b has an analytic solution b J (x) and we have
7. Integrability of implicit Hamiltonian systems. Now we consider the special class of implicit differential systems-the generalized Hamiltonian systems, which play an important role in field theory and mechanics.
Let (R 2n , ω) be the symplectic Euclidean space, endowed with the symplectic structure in the Darboux form, ω = n i=1 dy i ∧ dx i . By the vector bundle morphism β :
we introduce the canonical symplectic structureω on T R 2n , namely the pullback of the Liouville symplectic form dθ defined on T *
is called a generalized Hamiltonian system if M is isotropic according toω, i.e.ω | M = 0. In this case dim M ≤ 2n. The case of M such that dim M = 2n is called the implicit Hamiltonian system.
By the Hörmander-Arnold-Weinstein generating family representation of M [1] , we have the following lemma.
be an implicit Hamiltonian system, and
and a smooth function F :
where
In what follows we will consider the Hamiltonian case, i.e. dim M = 2n, and because we are considering the local properties of M , we assume that M is generated by some generating family-germ F as in Lemma 7.1 and denote it also by M F .
is an implicit Hamiltonian system generated by the Morse family-germ F : (R 2n ×R k , (0, 0)) → R, then the tangential integrability condition of M F is equivalent to the existence of the solution µ = (µ 1 , . . . , µ n 
for each (p, q) ∈ M , where {·, ·} denotes the Poisson bracket on R 2n induced by ω.
is a smooth solution of (7), through the point (x, y, λ) of M . Then we have
and also
Taking γ(0) = (x, y), δ(0) = λ, we get the solvability of the equation
on the smooth manifold given by the equations
The tangential integrability condition is the necessary condition for integrability of M . Now we give an example of implicit Hamiltonian system which fulfils the tangential integrability condition but it is not integrable. Example 7.1. As in the case of Example 5.1, we show that the tangential integrability condition is also only a necessary condition for implicit Hamiltonian systems.
Let us consider the implicit Hamiltonian system surface-germ
around (p, q) = (0, 0, 1, 0). M is generated by the family-germ F :
So one can write the corresponding equations for M in the forṁ
Certainly tangential integrability condition is fulfilled around (0, 0, 1, 0). The determinant of the matrix 
has isolated zero at (0, 0, 1, 0) and so there exists a solution of the linear equation
in some neighbourhood outside of (0, 0, 1, 0). At that point we have
and it is also solvable. So the tangential integrability condition is fulfilled. If M is integrable, say at (p, q) = (0, 0, 1, 0), then there exists an integral curve γ : (−ε, ε) → R 2 such that (γ(0), γ (0)) = (0, 0, 1, 0) and (γ(t), γ (t)) ∈ M for t ∈ (−ε, ε).
So there exists a smooth curve λ(t)
i.e. the following equations are fulfilled:
From equation (11) we get λ 2 (0) = 1, so from the first equation (10) we have a contradiction. Namely the order of λ 2 (t) at 0 is equal to 1, but the order of
denote a manifold-germ defined by equations (7) in Lemma 7.1. Consider the projection
and the image C F = π(M F ), which is a smooth manifold-germ by transversality condition (8) in Lemma 7.1. Let
So we have an equivalent formulation of the tangential integrability condition.
is an implicit Hamiltonian system generated by the Morse family-germ F :
Now we have the result corresponding to Lemma 2.4. x, y, λ) . . .
has a smooth solution µ 1 (x, y, λ), . . . , µ k (x, y, λ) on the critical manifold
Proof. We can easily see, on the basis of Lemma 7.1, that if we find the smooth solution of the linear equation (9) with respect to µ, then the system of equationṡ
Problem 7.1. Find conditions to be posed on a smooth generating family F : R 2n × R k → R, so that the linear equation (9) has a smooth solution on C F .
Let E s (k, k) denote the space of k × k symmetric matrices of real numbers. For each integer r ≥ 0 let S r denote the subset of E s (k, k) consisting of all symmetric matrices of rank r. Then Σ r is a submanifold of
and π |M F :M F → C F are embeddings, then we can uniquely represent this mapping by H :
, generated by the generating family F :
Now we can formulate the main result of this section. Using results of Section 6 we can formulate the corresponding results concerning integrability of implicit Hamiltonian systems. Now our function-matrix H | {(x,y,λ)∈C F } : C F → E s (k, k) corresponds to the matrix A(x) in Proposition 6.1. Let O C F ,0 denote the ring of germs at 0 ∈ C F of real analytic functions on C F . Then on the basis of Proposition 6.1 and Theorem 6.1 we get the following result. A class of implicit Hamiltonian systems for which the tangential integrability condition is also the sufficient condition is provided by the generating family-germs of the form
wheref (x, y) = (f 1 (x, y), . . . , f k (x, y) ), 1 ≤ k ≤ n is a non-singular smooth map-germ (R 2n , 0) → (R k , 0). Thus M F , called the constrained Hamiltonian system, is a smooth Lagrangian submanifold-germ over the submanifold K =f −1 (0). Now the tangential integrability condition from the Lemma 7.2 becomes the system of equations
This system is equivalent to {f i (x, y), f j (x, y)}|f −1 (0) = 0, 1 ≤ i, j ≤ k, {f (x, y), f l (x, y)}|f −1 (0) = 0, 1 ≤ l ≤ k, which in fact defines K to be a coisotropic submanifold of (R 2n , ω), i.e. geometrically T q K ⊃ {u ∈ T q R 2n | ω(u, v) = 0 ∀v ∈ T q K}, and f restricts to those which are constant on the leaves of the characteristic foliation of K. Now we have the integrability result proved also in geometric way in ( [16] , Theorem 8.1). 8. Non-integrable points are isolated generically in Tougeron's sense. In this section we will investigate the non-integrable points. We prove that non-transversal points, i.e. the points where Jf : R m → E(n, m) is not transversal to S r , are generically isolated, which implies that non-integrable points are generically isolated.
Here, in this section, the genericity notion is in the strongest sense introduced by J. P. Tougeron [23] : Let us now fix the notation. Set
where all these spaces are endowed with Whitney C ∞ topology. Recall that g is tangent to f if and only if (f, g) is an embedding and M = (f, g)(R m ) satisfies the tangential integrability condition (see Definition 3.2). We are interested in the structure of the non-generic (in the sense of the previous sections) points and to investigate how they are located in M . We prove the following main theorems. 
non-transversal points of M = (f, g)(R m ) are isolated.
